Coherently manipulating cold ions in separated traps by their vibrational couplings II: 

non-adiabatic case 
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In the previous paper [M. Zhang and L. F. Wei, Phys. Rev. A 83, 064301 (2011)] we proposed an approach 
to implement the universal quantum gates between two ions, confined individually in the separated traps, by 
adiabatically manipulating the ionic vibrations. Here, we relax the previous adiabatic requirements and show 
that the desirable couplings between the ions in different traps can be still implemented by simply using a non- 
adiabatic laser pulse. The potential wells of the ions are unchanged, but the ionic vibrations are driven for 
resonance or large-detuning by the applied laser beams. Consequently, the desirable quantum gates between 
the ions could be implemented conveniently by using only a few of laser pulses. The proposal could also be 
generalized to the fast quantum computation with the scalable ion-traps. 
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Among the proposed physical systems for building the fu- 
ture quantum computer (ll-lSIl, the system of trapped ions |al 
is currently one of the most hopeful candidates. Indeed, the 
entanglement up to fourteen trapped ions has been experi- 
mentally realized 131 ■ In the usual implementations a string 
of ions are trapped in a single trap, and their center-of-mass 
(CM) mode acts as the data bus to couple the qubits encoded 
by the long-lived electronic levels lalM]. However, it should 
be a challenge to trap more ions in a single well and then 
coherently manipulate them precisely, as it is difficult to ob- 
tain the reasonable strong-radial-confinements to form a linear 
ion-string lUOll . Furthermore, the speed of the laser-induced 
sideband excitation should be significantly reduced with the 
larger mass of an ion-chain. 

Alternatively, the scheme of the segmented ion-traps could 
be an more practical way to implement the large-scale quan- 
tum computing network lUll - USll . This is because that the 
ions can be relatively-easily confined in the separated poten- 
tial wells, and their couplings can be realized by transport- 
ing the ions to any selected interaction region. Alternatively, 
if the separate wells are sufficiently close, then the trapped 
ions can be coupled directly via their Coulomb interaction, 
and the transportation of ions are avoided. Interestin gly, such 
an idea has been demonstrated in recent experiments 11141 USll . 
wherein two ions are confined in two potential wells sepa- 
rated by 40 /J,m Ill4ll (or 54 /j,m II15I1 ) and the ion-ion coupling 
is achieved up to g « 10 KHz (or g sa 7 KHz). 

In our recent paper lllql we have proposed an approach 
to generate the universal quantum gates between the two 
separately trapped ions. That idea is based on the experi- 
ments 11141 [l5ll : the coupling between the ions was manipu- 
lated by controlling the potential wells (i.e., the voltages on 



the DC electrodes) to adiabatically tune ions' external vibra- 
tions into or out of resonance. Obviously, the adiabatic condi- 
tions limit the speed of the implemented quantum gates. Also, 
the exactly-controlling of the potential wells, by adjusting the 
voltages applied on the DC electrodes, should be very com- 
plex for the large-scale ion-traps. 

In order to overcome these difficulties, in this brief report 
we propose an improved approach to implement the univer- 
sal quantum gates lUTIl between the separately trapped ions. 
Instead of the previous adiabatic operations applied directly 
on the potential wells Ill4l - [l6ll . here we use the laser beams 
to drive one of the trapped ions for controlling its interac- 
tion with another ion, let them be resonance or large-detuning. 
With the present switchable couplings the desirable coherent 
operations, e.g., the quantum gates, between the separately 
trapped ions could be performed conveniently by using only 
a few laser pulses. Hopefully, the present approach is more 
robust for the large-scale ion-traps. 

We consider the same experimental configuration (shown 
in Fig. 1) as that in the previous works lll4l - U6ll . i.e., two ions 
trapped individually in two potential wells separated by a dis- 
tance d. The ion trap provides a pseudopotential such that the 
ions' oscillating frequencies along the axial direction (i.e., z 
axis in the Fig. 1) is much smaller than those along the ra- 
dial directions (i.e., the x, y axis). As a consequence, only the 
quantized vibrational motion along the axial direction is con- 
sidered, and the Hamiltonian describing the oscillating ions 
reads ilMl 
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FIG. 1 : (Color online) Sketch for implementing switchable coupling 
between two ions trapped individually in two potential wells sepa- 
rated by a distance d. The ions are trapped initially in the large- 
detuning regime, i.e., they are decoupled at the beginning, then a 
laser pulse (applied to the ion 2) makes A = for generating a res- 
onant coupling. 
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being the ion-ion Coulomb interaction. Where, aj and Oj are 
the bosonic creation and annihilation operators of the vibra- 
tions of frequency Vj . The parameters K, and ^j are defined as 
^ = '?i'72/(47reoc?) and ^j = yJh/{2MjVj), where Mj and 
qj are the mass and charge of the ions, respectively. 

For realizing a switchable coupling between the two 
trapped ions, without changing the eigenfrequencies Vj of the 
ions, we apply the laser beams to one of the ions, e.g., the ion 
2. The Hamiltonian describing the laser-driving ion takes the 
well-known form ifislfll 
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(3) 
Here, ct. = |e)(e| - \g)(g\, a+ = \e){g\, and <7_ = |5)(e| 
are the Pauli operators of the ion's two internal states \g) and 
|e) (with the transition frequency uJa between them); fio is 
the Rabi frequency describing the strength of the coupling be- 
tween the applied laser and the ion; 7] is the Lamb-Dicke (LD) 
parameter, describing the strength of the coupling between the 
external and internal states of the ion; and uji and (pi are the ef- 
fective frequency and initial phase of the applied laser fields, 
respectively. If the LD parameter i] is sufficiently small, then 
the Hamiltonian in Eq. (3) can be approximated to 
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by neglected the higher-order terms 0{rf). 

Consequently, the total Hamiltonian of the present two-ion 




FIG. 2: (Color online) Occupancies |/3p in Eq. (8) versus gt for 
different detunings: A/g = 0, A/g = 2, A/y = 5, and A/p = 10. 
The results indicate that the probability, of the SWAP between the 
vibrational quanta of the two ions, enhances with the decrease of 
detuning A. 
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H[^ can be effectively approximated as 
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in the rotating framework defined by the unity operator Ui — 

cxp[~itijJi<7z/'2 — it^j^ii'^iO'laj + Vj/2)]. Above, F = 

exp(-i(?!);)(T++CXp(-i^/)(T_, (5ox = V2 -vi, <^in = ^a-^u 

rj = 1 - 7^2/2, n = rioV^, and g = 2IC^i^2/(P- Suppose 
further that the ion is driven resonantly, i.e., iJin = 0, then the 
Hamiltonian in Eq. (5) reduces to 
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in another rotating framework defined by the unity operator 
C/2 = exp{—itnF). Specially, if the effective phase of the 
laser beams is set as 0; = and the internal state of the ion 
is prepared in the eigenstate: \(p) ~ (\g) + |e))/V2 of the 
operator F, then the Hamiltonian in Eq. (6) reduces to 

^eff = hAa2a2 — hg{aid\ + 01^2) (7) 

with A = (5cx — ^ being the laser-induced controllable de- 
tuning between the vibrations. In the previous works (ij- 
II6II switchable couplings between the ions were implemented 
by adiabatically manipulating the vibrational frequencies Vj 
(i.e., (5ox). Here, we fixed Vj (and thus 5ex is unchanged) 
but just adjust the laser-induced effective Rabi frequency fi 
to manipulate A. Since 51 is relatively-easily controlled by 
the applied laser and the adiabatic condition is unnecessary 
to be satisfied. As a consequence, the laser-induced ion-ion 
coupling/decoupling could be relatively-fast implemented. 

The effective Hamiltonian in Eq. (7) directly yields the dy- 
namics for the bosonic modes of the ions 
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and c = ^(A/2)2 + g'^. Above, only the two lowest- 
energy vibrational states of each ion are considered and 
thus the dynamics is limited within the invariant subspace: 
{|0)i|l)2, |l)i|0)2}, with |0)j and \l)j being the ground- and 
first-excitation states of the jth ion's vibration. The com- 
plex parameters a and /3 satisfy the normalized condition 
jap + |/3p = 1, where |/3p is just the probability of the 
SWAP between the vibrational quanta of the ions. Fig. 2 
shows how the occupancy |/3p changes with gt for differ- 
ent A, i.e., A = 0, 2(7, 5g, and lOg, respectively. When 
t^(A/2)2 + g2 =, „7r/2 with n = 0, 1, 2, ..., the value of 
1/3 1 2 reaches its maximum (amplitude), the maximum proba- 
bility of the desirable SWAP. It is seen that such an amplitude 
enhances with the decrease of detuning A. Therefore, one 
can turn on or off the coupling between the ionic vibrations 
by setting A w or A S> 5, correspondingly. Specifically, 
such a switchable coupling can be implemented as: Initially, 
the two ions are trapped in separate wells with the detuning 
A = (5cx ^ g, i.e., their vibrations are decoupled (shown, 
e.g., in Fig. 1). Then, a laser pulse with the effective Rabi fre- 
quency O = Sex is applied to one of the two ions for realizing 
the resonant coupling (i.e., A = 0). The induced evolution 
reads ifll 
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After this laser driving the vibrations of the ions return to their 
initial decoupled case. 

In the above analysis we have assumed g/7 S> 1 and ne- 
glected the dissipation (with the rate 7) from the environment. 
Based on the experimental demonstrations il4l[l5ll . we con- 
sider that two "'''Ca^ ions are trapped in different potential 
wells (separated by the distance d = 40 /im), and their vibra- 
tional frequencies are set as j^i = 5 MHz and i/2 = 5.1 MHz. 
In this case, g « 11 KHz and 6^^ = 1^2 — vi = {).\ MHz, 
which means that the two ions are effectively decoupled from 
each other Also, the typical decoherent rate of the ionic vi- 
bration is 7ox ^ 1 KHz Ill4l[l5ll . and the selected electronic 
levels, \g) = IS1/2) and |e) = 10^, /^), are long-lived with the 
decoherent rate 7in w 1 Hz 1I20I1 . Therefore, the condition 
5/7 3> 1 required in our proposal is satisfied. Since the elec- 
tric dipole transition between IS1/2) and ID5/2) is forbidden, 
here we consider the quadrupole transition (at 729 nm) be- 
tween them. Consequently, the LD parameter is calculated 
as 77 w 0.1, working within the LD regime. Experimen- 
tally, a laser beam of power P = 140 mW can generate a 
quadrupole transition between IS1/2) and ID5/2) with Rabi 
frequency VIq — 1.5 MHz lulll . This indicates that the desir- 
able effective Rabi frequency i7 = JIq??^ = 5^^ ~ 0.1 MHz 
[for implementing the operation (11)] could be experimen- 
tally realized by applying the laser beam with proper power, 
as VLq oc \/P- 

With the above laser-induced switchable coupling we now 
discuss how to implement the universal quantum gates by non- 
adiabatically manipulations. For generality we consider here 
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FIG. 3: (Color online) Sketch for implementing quantum logic op- 
erations with n (> 2) potential wells. The distance between the ad- 
jacent wells is d. Each potential well confines two ions: the red ion 
(e.g. the ion Q„) is used to encode the qubit, and the blue ion (e.g., 
the ion An ) is used to cool the CM modes of the ions and implement 
the switchable coupling between the ionic vibrations in the adjacent 
potential wells. 



n (> 2) potential wells (the adjacent potentials are separated 
by an uniform distance d), as shown in the Fig. 3. Each poten- 
tial well confines two ions lUSll . e.g., Q„ and A„. The ion Qn 



(e.g., a ^Be 111411 ) is used to encode the qubits by their long- 
lived internal states | J,) and | f) ■ While, the auxiliary ion A„ 
(e.g., a '"^Ca"'' jTsIl ) is used for two purposes: (i) cooling the 
CM mode |V'cm)n of the two ions Qn and A„ confined in the 
same trap, and (ii) implementing the switchable coupling be- 
tween the CM modes of the ions trapped in adjacent potential 
wells. 

It has been well-known that the single-qubit operations can 
be exactly implemented by driving various resonant Raman 
transitions 1221. The present purpose is to implement the two- 
qubit controlled-NOT (CNOT) gate B 
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between the qubits (e.g., the ions Qi and Q^) trapped in the 
different potential wells. For simplicity, we suppose that all 
the CM modes are initially decoupled and cooled in the vac- 
uum states n?=i |Ocm)j"- Then, the desirable CNOT gate Cin 
could be realized by the following operational sequence 



Cl.n^ViMn.lSn^h.nVi. 



(13) 



Here, Vi represents the operation |Ocm,t)i — ^ exp[z(l — 
7i)7r/2]|lcm,^)i applied to the ion Qi for transferring the 
quantum information (QI) stored in the ion's internal states 
to the CM mode of the ions trapped in the first well. Experi- 
mentally, the operation Vi could be realized by applying a red- 
sideband laser pulse to the ion, see, e.g., Ref. 112411 . The opera- 
tion A/i_„ = riiLl t/(n-j),(n-i+l)(''''/2) '"^P'"^^^'^'-^"'"! '"^^" 

onant pulses applied sequentially on the auxiliary ions A2, A^, 
• • • , and An to couple the CM modes in the separated poten- 
tial wells one by one. Physically, the operation A/i_„ transfers 
the QI stored in the CM mode of the potential well 1 to that 
in the distant well n. Similarly, M„.i = Jl'Li t^j.(i+i)('''/2) 
transfers the QI from the potential well n to the first well. Fi- 
nally, Sn, a single-ion CNOT gate between the CM mode and 



internal states of the ion Qn, can be implemented by applying 
three sequential laser pulses to the ion (as the demonstrations 
in the experiment u2R ). 

One of the advantages of the above non-adiabatic manipu- 
lations is that our CNOT gate could be implemented within 
a significantly-short operational times. First, the durations 
of operation Vi and gate S'„ by using the Raman schemes 
of experiment 12211 are t^ « 8 ^s and is_~ 50 fis, respec- 
tively. Second, for the typical parameters lll44l6ll : d w 40 /im 
(the distance between the adjacent potential wells) and Uj ss 
5 MHz (the vibrational frequencies of the CM modes), the 
coupling strength between the adjacent CM modes is calcu- 
lated as gem ~ 35 KHz, and thus the duration of the operation 
f/j_(j_l-i)(7r/2) is tu ~ 45 /is. Obviously, all these durations 
(i.e., tv, tg, and tu) are significantly shorter than the coherent 
times (which is about 1 ms) of the CM modes iHIIlll. Note 
that the laser coolings of CM modes performed by using the 
auxiliary ions do not affect the qubits. Therefore, during the 
operation Vi, Sn, or t/j (j+i) applied on the ions 1, n, or j 
and j + 1, the other ions can be re-cooled. This implies that 
the practical limit for the implementation of CNOT gate (12) 
is the decoherence from the states | I) and | t), i.e., the qubit. 
Fortunately, the coherent times between the selected internal 



states I I) and | '[) are relative long, e.g, up to ~ 10 s 122 
This provides us to implement the desirable gates between a 
large number of trapped ions, e.g., n ^ 100. Indeed, the total 
duration ftotai = 2[ty + {n — l)tu] + tg ~ 9 ms for generating 
the CNOT gate (12) is far shorter than the coherent time of 
the states | I) and | '[). Based on these estimations, a large 
number of ions could be entangled by a series of single-qubit 
operations and CNOT gates, in principle. 

In conclusion, we have proposed an improved approach 
to implement the universal quantum gates between the sep- 
arately trapped ions. Instead of the previous adiabatic oper- 
ations of potential wells, here the laser beams are utilized to 
non-adiabatically manipulate the ion-ion couplings. Conse- 
quently, the desirable quantum gates between the ions could 
be fast implemented by using only a few of laser pulses. A 
key feature of our proposal is that it could be conveniently 
generalized to the scaling ion-traps. 
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